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Same as for R2.

1 Limits
Definition (limit)

Let f be a function defined on a set K ⊂ C. We say f has a limit A as z → z0 if

∀ε > 0 ∃δ > 0 : 0 < |z − z0| < δ, z ∈ K =⇒ |f(z) − A| < ε.

Properties

1. If the limit exists, it is unique, provided z0 is a limit point of K (i.e. ∀δ > 0: B(z0, δ) ∩ K \
{z0} ≠ ∅).

2. limz→z0 [f(z) + g(z)] = limz→z0 f(z) + limz→z0 g(z) (if both exist).

3. limz→z0 [f(z) · g(z)] = limz→z0 f(z) · limz→z0 g(z) (if both exist).

4. limz→z0
f(z)
g(z) = limz→z0 f(z)

limz→z0 g(z) (if both exist and limz→z0 g(z) ̸= 0).

5. limz→z0 f(z) = A ⇐⇒ limz→z0 Re f(z) = Re A and limz→z0 Im f(z) = Im A.

6. limz→z0 f(z) = A =⇒ limz→z0 f(z) = A.

Proof idea.

• (1), (2), (3), (4) – as in the real case.

• (6) Follows from |f(z) − A| = |f(z) − A| < ε.

• (5) (⇐) f = Re f(z) + i Im f(z); use (2). (⇒) Re f(z) = 1
2
(
f(z) + f(z)

)
and Im f(z) = − i

2
(
f(z) −

f(z)
)
; use (6) and (2).

Important Property (restriction)

Let K1, K2 ⊂ K, and suppose lim
z→z0
z∈K

f(z) = A. Then

lim
z→z0
z∈K1

f(z) = lim
z→z0
z∈K2

f(z) = A.
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Proof. ∀ε > 0 ∃δ > 0: 0 < |z − z0| < δ =⇒ |f(z) − A| < ε; in particular this holds for z ∈ K1 ⊂ K. □

Corollary

Let K1, K2 ⊂ K. If lim
z→z0
z∈K1

f(z) ̸= lim
z→z0
z∈K2

f(z), then lim
z→z0
z∈K

f(z) does not exist.

Warning: the converse fails. Agreement of the limit along every straight path through z0 does not
by itself guarantee that limz→z0 f(z) exists – a counterexample typically needs a curved path (e.g. a
parabola) along which f tends to a different value.

2 Example: z̄/z Has No Limit at 0

Claim. lim
z→0

z̄

z
does not exist.

On the real axis (z = x): lim
x→0

x

x
= 1.

On the imaginary axis (z = iy): lim
y→0

−iy

iy
= −1.

Alternatively, using polar coordinates z = |z| cis(φ):

z̄

z
= |z| cis(−φ)

|z| cis(φ) = cis(−2φ).

This shows we get different limits along different rays!

Re

Im

→ 1

→ −1

3 Continuity
As usual: f is continuous at z0 if lim

z→z0
f(z) = f(z0).

4 Limits Involving Infinity

Definitions (limits involving ∞)

All of this can be done for the limit equal to ∞, but we need to use the spherical metric:

lim
z→z0

f(z) = ∞ ⇐⇒ lim
z→z0

d(f(z), ∞) = 0 ⇐⇒ lim
z→z0

2√
1 + |f(z)|2

= 0 ⇐⇒ lim
z→z0

1
|f(z)| = 0.

Defining the limit at infinity:

lim
z→∞

f(z) = A ⇐⇒ ∀ε > 0 ∃δ > 0 : d(z, ∞) < δ =⇒ |f(z) − A| < ε

⇐⇒ ∀ε > 0 ∃δ > 0 : 1
|z|

< δ =⇒ |f(z) − A| < ε

⇐⇒ ∀ε > 0 ∃R > 0 : |z| > R =⇒ |f(z) − A| < ε
(
where R = 1

δ

)
.
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Important (and easy) observation. If z0 ̸= ∞, then

lim
z→z0

|z − z0| = 0 ⇐⇒ lim
z→z0

d(z, z0) = lim
z→z0

2|z − z0|√
1 + |z|2

√
1 + |z0|2

= 0.
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